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Abstract
This paper presents the Levy method to investigate the vibration behaviour of multi-span rectangular plates.
The Levy method is applicable and analytical for rectangular plates with at least two parallel simply supported
edges. The continuity at an interface between two spans is maintained by imposing both the essential and
natural boundary conditions along the interface. The impact of the internal line supports on the vibration
behaviour of the plates is investigated by varying both the number of internal lines and the line positions.
Results for the vibration of two- and three-span rectangular plates are presented, in which the 3rst-known
exact solutions for plates involving free edges are included. The present results may serve as benchmark
solutions for such plates. ? 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction
Multi-span plates are often encountered in various engineering 3elds. For instance, the aeroplane
surfaces, slabs in house construction, bridge decks and glass window panels can all be modelled as
plates with multiple spans. The problem of free vibration of multi-span rectangular plates has attracted
the attention of many researchers. Theoretically, multi-span plates are often treated as plates with
internal line supports.
Vibration of plates with internal line supports was 3rst investigated by Veletsos and Newmark
in 1956 [1]. By employing the Holzer method, Veletsos and Newmark [1] carried out a study on
the vibration of a rectangular plate with one internal straight line support which is perpendicular
to the edges of the plate. A similar problem was attempted by Ungar [2] using a semi-graphical
approach. Using Bolotin’s edge eAect approach, Bolotin [3], and later, Moskalenko and Chen [4]
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investigated the vibration behaviour of three- and four-span plates. Cheung and Cheung [5] studied
multi-span plates with a 3nite strip method. Utilising the modi3ed Bolotin method, ElishakoA and
Sternberg [6] analysed the vibration of multi-span plates in one direction. Azimi et al. [7] studied
multi-span plates by using the receptance method. Their method is able to obtain exact solutions for
rectangular plates having two simply supported parallel edges and the other two edges being either
simply supported or clamped. Mizusawa and Kajita [8] studied the vibration of continuous plates
with diAerent combinations of boundary conditions by using the B-spline functions in association
with the Rayleigh–Ritz method. Kim and Dickinson [9] used a set of one-dimensional orthogonal
polynomial functions to study the free vibration of plates with internal line supports. Liew and
Lam [10] presented the eigenmodes and eigenfrequencies of multi-span plates by using a set of
two-dimensional orthogonal polynomial functions. Using the pb-2 Ritz method, Liew et al. [11]
studied the vibration of rectangular Mindlin plates with internal line supports being either in parallel
or in diagonal directions. Zhou [12] modi3ed the single-span vibrating beam functions by using
appropriate polynomials to cater for the internal line supports in one or two directions. Kong and
Cheung [13] further advanced this approach by combining Zhou’s trial functions with the 3nite
layer method to investigate the vibration of shear-deformable plates with internal line supports.
More recently, Wei et al. [14] proposed a new numerical method (DSC algorithm) for the vibration
of rectangular plates with partial internal line supports. Their method can be used to deal with plates
with very complex internal supports in high accuracy [15].
It is noted that all aforementioned studies, except the one by Azimi et al. [7], provide only approx-
imate solutions for the vibration of multi-span rectangular plates. Furthermore, there are apparently
no exact solutions for multi-span rectangular plates involving free edges in the open literature. The
purpose of this paper is to introduce an analytical method for dealing with multi-span rectangular
plates and to provide exact vibration solutions for these plates, including the 3rst-known results for
plates having free edges. We shall consider rectangular plates with at least two opposite sides sim-
ply supported while the other two sides may take an arbitrary combination of boundary conditions.
Such plate boundary conditions allow one to apply the Levy-type solution method [16–20] for exact
solutions. The exact vibration solutions obtained for such rectangular plates are indeed valuable as
they serve as important benchmark solutions for checking the convergence, validity and accuracy
of numerical methods for the analysis of multi-span plates. This paper also features tables and 3g-
ures containing extensive vibration results for rectangular plates with two and three spans and with
various Levy-type support conditions and aspect ratios. The results obtained in this paper may be
utilised to study the internal support optimisation of plates against vibration [21–27]. The optimal
locations of the internal line supports for maximising the fundamental frequencies of the plates are
discussed.
2. Mathematical modelling
2.1. Governing di6erential equations for a multi-span plate
An isotropic rectangular plate of n spans is shown in Fig. 1. The plate is of uniform thickness h,
width L, length aL, Young’s modulus E, Poisson’s ratio 	 and shear modulus G=E=[2(1+ 	)]. The
origin of the coordinate system is set at the centre of the bottom edge BC of the plate as shown in
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Fig. 1. Geometry and coordinate system for a Levy plate with (n− 1) internal line supports.
Fig. 1. The plate is of (n − 1) internal line supports that provide the constraint of zero transverse
displacement along the line supports (see Fig. 1). The problem at hand is to determine the vibration
frequencies of the multi-span rectangular plate.
We consider that the plate consists of n spans that are divided at the locations of the (n − 1)
internal line supports. The governing diAerential equation for free vibration of the ith span is given
by [28]:
@4wi
@x4
+ 2
@4wi
@x2@y2
+
@4wi
@y4
=
h!2
D
wi (1)
in which the subscript i (=1; 2; : : : ; n) refers to the ith span in the plate, wi(x; y) is the transverse
displacement, x and y are the Cartesian coordinates,  is the mass density of the plate, and D =
Eh3=[12(1− 	2)] is the Oexural rigidity of the plate.
Along the interface between the ith and (i+1)th spans the following essential and natural boundary
conditions must hold to ensure the continuity of the plate and the satisfaction of the internal line
support condition:
wi = 0; (2)
wi+1 = 0; (3)
@wi
@x
=
@wi+1
@x
; (4)
(Mx)i = (Mx)i+1; (5)
1198 Y. Xiang et al. / International Journal of Mechanical Sciences 44 (2002) 1195–1218
where (Mx)i and (Mx)i+1 are the bending moments for the ith and (i+1)th spans and they are given,
respectively, by
(Mx)i = D
(
@2wi
@x2
+ 	
@2wi
@y2
)
; (6)
(Mx)i+1 = D
(
@2wi+1
@x2
+ 	
@2wi+1
@y2
)
: (7)
The vibration frequency ! may be determined by solving the governing diAerential equation
de3ned by Eq. (1) after appropriate boundary conditions on the edges and interfaces are considered.
2.2. Levy method of analysis
A Levy plate is a rectangular plate that is simply supported on the two opposite edges AD and
BC at y = 0 and y = L, respectively (see Fig. 1). The other remaining two edges may take any
combination of free, simply supported or clamped edge conditions. The boundary conditions for the
two edges at y = 0 and L in the ith span are
wi = 0; (8)
(My)i = 0; (9)
where (My)i is the bending moment and is de3ned by
(My)i = D
(
@2wi
@y2
+ 	
@2wi
@x2
)
: (10)
The boundary conditions for the other two edges AB and DC at x = −aL=2 and aL=2 (see Fig. 1)
are given by
wi = 0; (Mx)i = D
(
@2wi
@x2
+ 	
@2wi
@y2
)
= 0 if the edge is simply supported; (11a,b)
wi = 0;
@wi
@x
= 0 if the edge is clamped; and (12a,b)
(Mx)i = D
(
@2wi
@x2
+ 	
@2wi
@y2
)
= 0;
(Vx)i = D
(
@3wi
@x3
+ (2− 	) @
3wi
@x@y2
)
= 0 if the edge is free: (13a,b)
Here, the subscript i takes the value of 1 or n, and (Vx)i is the eAective shear force.
For such a rectangular plate, we may use the Levy method for solution. The displacement function
for the ith span can be expressed as
wi(x; y) = sin
(m
L
y
)
Xi(x); i = 1; 2; : : : ; n; (14)
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where m is the number of half waves of the vibration mode in the y-direction. Eq. (14) satis3es the
boundary conditions (Eqs. (8) and (9)) for the two simply supported edges at y = 0 and L.
In view of Eqs. (14) and (1), a homogenous diAerential equation system for the ith span can be
derived as follows:
′i −Hii = 0; i = 1; 2; : : : ; n (15)
in which
i =


Xi
X ′i
X ′′i
X ′′′i


(16)
and the prime denotes diAerentiation with respect to x; ′i is the 3rst derivative of i; and Hi is a
4× 4 matrix with identical elements for each span. The non-zero elements of Hi are given by
H12 = H23 = H34 = 1; (17)
H41 =
h!2
D
−
(m
L
)4
; (18)
H43 = 2
(m
L
)2
: (19)
The procedure for solving Eq. (15) has been detailed by Xiang et al. [17] and Liew et al. [18].
The solution for Eq. (15) can be expressed as
i = eHixci (20)
in which eHix is a general matrix solution for Eq. (15); ci is a 4 × 1 constant column matrix that
will be determined by the plate boundary conditions and=or span interface conditions.
In view of Eq. (20), a homogeneous system of equations can be derived by implementing the
boundary conditions of the plate along the two edges parallel to the y-axis (Eqs. (11)–(13)) and
the interface conditions between two spans (Eqs. (2)–(5)) when assembling the spans to the whole
plate
K


c1
c2
...
ci
ci+1
...
cn


= {0}; (21)
where K is a 4n× 4n matrix. The vibration frequency ! is evaluated by setting the determinant of
K to zero.
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3. Results and discussions
The Levy solution method may be used to deal with rectangular plates of arbitrary number of
spans. In this section, we apply this method to investigate the vibration behaviour of rectangular
plates consisting of two or three spans. The dimensionless frequency parameters, =(!L2=2)
√
h=D,
are presented for rectangular plates of six combinations of boundary conditions. Among these results,
the 3rst known exact solutions for plates involving free edges are presented. For brevity we shall use
the letters F for free edge, S for simply supported edge and C for clamped edge and a four-letter
designation to represent the edge conditions of the plate. For instance, an FSCS plate will have edge
AB free, edge BC simply supported, edge CD clamped and edge AD simply supported (see Fig. 1),
respectively. The Poisson ratio 	= 0:3 is used in this study.
3.1. Veri:cation of solution method
To check the validity of the proposed method, a comparison study is carried out for vibration
of multi-span rectangular plates. Table 1 presents the 3rst 6 frequency parameters for a rectangular
plate of three uneven spans. The plate aspect ratio a is equal to 4. It is seen that the exact frequency
parameters generated from this study agree well with the results from Refs. [7–10]. It con3rms the
Table 1
Comparison study of frequency parameters  = (!L2=2)
√
h=D for rectangular plates of three uneven spans
L 2L L
L
Cases Sources Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
Present 1.3089 2.0000 2.1818 2.3959 3.5677 4.2798
[7] 1.309 2.000 2.181 2.396 3.568 4.280
SSSS plate [8] 1.3092 2.0002 2.1836 2.3995 3.5883 —
[9] 1.3101 2.0000 2.1879 2.4127 3.5869 4.2826
[10] 1.3095 2.0000 2.1815 2.3965 3.5749 4.2812
Present 1.3109 2.0362 2.2940 2.6848 3.6063 4.2800
[7] 1.311 2.037 2.294 2.685 3.617 4.280
CSSS plate [9] 1.3143 2.0384 2.3219 2.7271 3.7112 4.2866
[10] 1.3132 2.0380 2.3168 2.6864 3.6642 4.2845
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Fig. 2. A Levy plate with an internal line support.
correctness of the proposed analytical method for dealing with vibration of multi-span rectangular
plates.
3.2. Two-span plates
The layout of a two-span Levy plate is shown in Fig. 2. The location of the internal line support
is determined by the location parameter b (see Fig. 2).
Tables 2–4 present extensive sets of the 3rst 10 frequency parameters for two-span rectangular
plates with symmetric Levy-type supporting edges (i.e. SSSS, FSFS and CSCS plates). The plate
aspect ratio a is taken to be 0.5, 1.0 and 2.0 and the location parameter of the internal line support
b varies from 0.001, 0.1, 0.2, 0.3, 0.4 to 0.5. Tables 5–7 show the 3rst 10 frequency parameters for
two-span rectangular plates with asymmetric Levy-type supports (i.e. SSFS, CSFS and CSSS plates).
In this case, the location parameter of the internal line support b changes from 0.001 to 0.999. All
results in Tables 2–7 are presented with 3ve signi3cant digits. The inOuence of plate aspect ratios,
edge support conditions and the location of the internal line support on the frequency parameters
may be observed from Tables 2–7.
To complement these tables, Figs. 3–8 present the variations of the 3rst four frequency parameters
 against the location parameter of the internal line support b for Levy plates of various boundary
conditions and plate aspect ratios. The location parameter b varies from near the left edge (b=0:001)
to the plate centre (b= 0:5) for the symmetric Levy plates (i.e. SSSS, FSFS and CSCS plates, see
Figs. 3–5) and to near the right edge (b= 0:999) for the asymmetric Levy plates (i.e. FSSS, FSCS
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Table 2
Vibration frequency parameters  = (!L2=2)
√
h=D for SSSS plates with an internal line support
a b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10
0.5 0.001 7.0328 9.5916 14.213 20.950 21.142 23.796 28.361 29.770 34.935 40.644
0.5 0.1 8.0188 10.566 15.159 21.868 24.480 27.161 30.668 31.752 38.342 41.528
0.5 0.2 9.4432 12.014 16.605 23.302 29.452 32.090 32.219 36.911 42.940 43.592
0.5 0.3 11.510 14.143 18.765 25.462 34.237 35.857 38.794 43.704 45.072 50.600
0.5 0.4 14.456 17.222 21.948 28.697 32.044 34.739 37.487 39.311 45.836 48.316
0.5 0.5 17.000 20.000 25.000 25.750 28.097 32.000 32.230 38.334 41.000 46.520
1.0 0.001 2.3979 5.2375 5.9489 8.7338 10.161 11.487 13.562 14.285 17.121 19.015
1.0 0.1 2.6416 5.4669 6.7902 9.5856 10.382 13.299 14.418 16.130 17.339 20.950
1.0 0.2 3.0034 5.8254 8.0548 10.735 10.898 15.760 15.954 17.689 18.876 22.659
1.0 0.3 3.5358 6.3655 9.6986 11.268 12.650 14.949 17.596 17.668 18.212 21.577
1.0 0.4 4.3054 7.1742 8.6847 11.459 12.079 13.858 16.236 16.608 19.017 21.345
1.0 0.5 5.0000 7.0243 8.0000 9.5835 13.000 14.206 17.000 20.000 20.000 20.943
2.0 0.001 1.3094 2.1835 3.5713 4.2803 5.1113 5.4595 6.4745 7.8465 8.3543 9.2700
2.0 0.1 1.3667 2.3964 4.0325 4.3348 5.3263 6.2658 6.9500 9.0950 9.1880 9.3248
2.0 0.2 1.4564 2.7245 4.4223 4.7190 5.6648 7.2500 7.6745 8.9853 9.4108 10.250
2.0 0.3 1.5914 3.1625 4.4170 4.5530 6.0845 6.1365 7.2518 8.9485 9.5388 9.5553
2.0 0.4 1.7936 2.8648 4.1520 4.7543 5.7648 7.0318 7.2500 8.5023 9.7360 10.250
2.0 0.5 2.0000 2.3959 5.0000 5.0000 5.2358 5.9420 8.0000 8.7273 10.000 10.000
Table 3
Vibration frequency parameters  = (!L2=2)
√
h=D for FSFS plates with an internal line support
a b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10
0.5 0.001 1.6364 4.7380 7.6416 9.7336 11.266 16.699 16.707 21.532 23.960 25.117
0.5 0.1 1.8174 4.9900 9.1708 10.002 13.075 16.965 18.778 25.771 25.909 26.205
0.5 0.2 2.0498 5.3080 10.332 10.598 14.769 17.287 20.760 22.406 25.976 26.219
0.5 0.3 2.3348 5.7160 9.5276 10.772 13.216 17.730 18.697 18.726 21.983 25.990
0.5 0.4 2.6347 6.2132 7.3448 10.324 11.364 15.227 18.361 22.076 22.197 25.910
0.5 0.5 2.7886 6.5392 6.5628 9.2468 11.838 13.893 18.942 20.568 26.432 27.957
1.0 0.001 1.1845 2.8165 4.1747 5.9901 6.2792 9.1493 9.5870 11.042 11.744 14.772
1.0 0.1 1.2475 3.2688 4.2412 6.5513 7.4264 9.2109 10.938 11.637 13.537 16.175
1.0 0.2 1.3270 3.6923 4.3218 6.4941 7.1057 9.2855 9.7609 10.665 12.263 13.773
1.0 0.3 1.4290 3.3039 4.4324 5.4957 6.4975 8.6016 9.3924 11.511 12.511 13.602
1.0 0.4 1.5533 2.5809 4.5903 5.5191 6.4776 9.5540 9.8324 10.430 12.614 15.009
1.0 0.5 1.6348 2.3117 4.7356 5.1420 7.6278 9.7309 10.008 10.109 11.249 13.401
2.0 0.001 1.0437 1.4975 2.3968 3.7683 4.0298 4.5130 5.4658 5.6333 6.8880 7.9995
2.0 0.1 1.0603 1.6378 2.7345 4.0438 4.2943 4.6615 5.8530 5.9658 7.5428 7.6760
2.0 0.2 1.0805 1.7764 2.4402 3.4433 4.0610 4.8265 5.4585 5.5790 6.4555 8.4590
2.0 0.3 1.1081 1.6244 2.1504 3.9708 4.0865 4.6125 5.1390 6.1375 7.0948 7.3288
2.0 0.4 1.1476 1.3798 2.4581 4.0618 4.1260 4.3348 5.2040 5.5150 7.2903 8.3125
2.0 0.5 1.1839 1.2855 2.8123 3.3503 4.1740 4.2253 5.9845 6.2678 6.3848 7.3355
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Table 4
Vibration frequency parameters  = (!L2=2)
√
h=D for CSCS plates with an internal line support
a b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10
0.5 0.001 9.6656 11.746 15.854 22.198 25.787 28.134 30.748 32.267 38.370 41.436
0.5 0.1 11.249 13.292 17.303 23.534 30.266 31.991 32.622 36.741 42.608 42.800
0.5 0.2 13.487 15.518 19.448 25.561 33.905 36.758 39.162 43.324 44.432 49.392
0.5 0.3 16.714 18.766 22.642 28.635 36.839 45.742 47.236 48.240 52.508 58.664
0.5 0.4 21.384 23.521 27.417 33.334 41.400 46.336 48.512 51.644 52.288 57.840
0.5 0.5 25.750 28.097 32.230 36.829 38.334 38.608 41.872 46.520 46.932 54.052
1.0 0.001 2.9366 5.5494 7.0336 9.5925 10.359 13.099 14.214 15.700 17.262 20.263
1.0 0.1 3.3229 5.8836 8.1554 10.652 10.700 15.286 15.344 17.533 17.956 21.987
1.0 0.2 3.8794 6.3903 9.7906 11.108 12.348 16.914 17.957 18.613 21.271 23.581
1.0 0.3 4.6915 7.1588 11.809 12.060 14.666 18.609 19.243 20.453 22.862 25.802
1.0 0.4 5.8803 8.3334 12.128 12.911 14.460 17.171 18.712 19.547 19.640 23.832
1.0 0.5 7.0243 9.5835 9.6521 11.733 14.206 15.842 20.943 21.114 22.187 23.768
2.0 0.001 1.3874 2.3981 3.9250 4.3155 5.2378 5.9498 6.7218 8.4705 8.7348 9.2920
2.0 0.1 1.4709 2.6750 4.3833 4.4890 5.4968 6.8990 7.2788 9.3548 9.6900 9.9068
2.0 0.2 1.5976 3.0870 4.4893 5.3178 5.8953 8.1175 8.2340 9.4530 10.792 11.056
2.0 0.3 1.7897 3.6665 4.6523 5.7155 6.4720 7.0373 8.2948 9.6018 9.6428 10.659
2.0 0.4 2.0834 3.6150 4.8868 4.9100 6.2683 7.5500 8.4213 9.8368 9.9903 11.052
2.0 0.5 2.3959 2.9333 5.2358 5.5468 5.9420 7.0243 8.7273 9.5835 10.160 10.357
and CSSS plates, see Figs. 6–8), respectively. The computations of varying b are carried out with a
total of 100 locations. It can be seen that the variations of the frequency parameter  with respect
to the location of the internal line support are diAerent, depending on the edge support conditions,
the aspect ratio a and the considered mode.
It is observed from Fig. 3 that for SSSS plate the frequency parameter  for the 3rst mode
(aspect ratio a = 0:5, 1.0 and 2.0) and the second and third modes (aspect ratio a = 0:5) increases
monotonically as the location parameter b moves from the plate edge (b=0:001) to the plate centre
(b=0:5). For plate with aspect ratio a=2:0 (see Fig. 3(c)), the frequency parameter  for the second
mode increases 3rst and then decreases as the location parameter b varies from 0.001 to 0.5. The
optimal location of the line support is at b ≈ 0:33. We observe from Table 2 and Fig. 3 that when
the internal line support moves close to the simply supported edge (b = 0:001), the plate behaves
like a clamped edge one.
It is seen from Fig. 3(c) that for plates with aspect ratio a=2:0 there is mode shape switching in
the third and fourth modes at the intercept points (kink points) of b ≈ 0:15 and 0.29. Mode shape
switching also exists in the fourth mode for SSSS plate with aspect ratio a = 0:5 and 1.0, as it is
evident by the kink points on the curves (see Fig. 3(a) and (b)). When a mode shape switching
occurs, the number of half waves changes in the mode shape. For instance, Fig. 9 shows the mode
shapes of the fourth mode for a square SSSS plate with the internal line support located at the left-
and right-hand sides of the kink point, i.e. at b=0:35 and b=0:4, respectively. We can clearly see
that the mode shape for the plate with b=0:35 has two half waves in the x direction and three half
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Table 5
Vibration frequency parameters  = (!L2=2)
√
h=D for SSFS plates with an internal line support
a b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10
0.5 0.001 2.3136 5.1436 10.010 10.121 13.413 16.903 18.556 25.552 25.810 26.134
0.5 0.1 2.5289 5.3504 10.206 11.557 14.905 17.090 20.128 25.990 27.192 30.296
0.5 0.2 2.8253 5.6524 10.504 13.657 17.114 17.382 22.490 26.277 29.699 36.497
0.5 0.3 3.2408 6.0952 10.954 16.686 17.830 20.295 25.889 26.717 33.314 37.611
0.5 0.4 3.8428 6.7628 11.650 18.530 20.581 24.329 27.410 30.146 34.052 36.788
0.5 0.5 4.7464 7.8020 12.767 19.676 19.907 22.900 27.778 28.560 33.087 34.564
0.5 0.6 6.1008 9.4352 14.611 15.770 18.370 21.645 22.883 29.426 30.593 38.048
0.5 0.7 7.5148 11.177 14.618 16.655 17.176 21.660 23.928 28.175 33.072 36.746
0.5 0.8 7.1908 10.558 15.728 19.630 22.760 23.185 28.861 31.736 33.384 36.012
0.5 0.9 6.0360 9.2000 14.275 20.524 21.288 23.847 29.168 30.274 36.391 41.252
0.5 0.999 5.0092 8.0108 13.012 17.033 20.012 20.036 25.040 29.013 32.043 37.074
1.0 0.001 1.2859 3.3533 4.2257 6.3880 7.3438 9.1812 10.461 11.341 13.333 15.488
1.0 0.1 1.3376 3.7262 4.2724 6.7981 8.3973 9.2247 11.566 11.772 15.452 16.182
1.0 0.2 1.4131 4.2784 4.3456 7.4247 9.2949 9.9763 12.446 13.244 16.249 18.441
1.0 0.3 1.5238 4.4575 5.0738 8.3285 9.4027 11.708 13.426 15.047 15.812 16.352
1.0 0.4 1.6907 4.6324 6.0822 9.1970 9.4578 9.5730 11.965 14.674 16.515 16.683
1.0 0.5 1.9505 4.9190 5.7249 8.6411 9.1358 9.8584 12.439 13.519 16.792 17.655
1.0 0.6 2.3588 4.5925 5.4112 7.3566 10.373 11.655 12.187 15.018 15.045 17.306
1.0 0.7 2.7943 4.2940 5.9821 7.0438 10.178 11.036 11.842 13.049 17.902 18.045
1.0 0.8 2.6396 5.6899 5.7962 9.0031 9.1196 10.674 11.723 14.327 16.429 16.490
1.0 0.9 2.3000 5.3220 5.9618 9.0978 10.313 11.713 14.141 14.998 17.301 18.567
1.0 0.999 2.0027 5.0031 5.0091 8.0108 10.003 10.019 13.012 13.022 17.003 17.033
2.0 0.001 1.0564 1.5970 2.6153 4.0353 4.1170 4.5710 5.6138 6.1148 7.1470 8.6128
2.0 0.1 1.0681 1.6995 2.8915 4.0455 4.6613 4.6815 5.9165 7.0260 7.7330 9.0245
2.0 0.2 1.0864 1.8562 3.3110 4.0623 4.8555 5.4490 6.3845 7.9085 8.5945 9.0395
2.0 0.3 1.1144 2.0821 3.7618 4.0880 4.6463 5.1098 6.8728 6.9880 7.4915 9.0625
2.0 0.4 1.1581 2.3645 2.9913 4.1288 5.0495 5.4440 5.8573 7.7495 8.1905 9.0998
2.0 0.5 1.2298 2.1603 3.1098 4.1980 5.1050 5.3480 6.1870 6.9178 8.3095 9.1640
2.0 0.6 1.3528 1.8392 3.7613 4.3265 4.5088 4.7708 6.8563 7.5188 7.6310 9.2870
2.0 0.7 1.4955 1.7610 3.2623 4.5113 4.6700 5.6218 6.1938 6.7958 8.7148 9.5053
2.0 0.8 1.4225 2.2799 2.9308 4.4138 4.8350 5.3530 5.7943 7.5635 7.7490 9.4070
2.0 0.9 1.3305 2.2745 3.7495 4.3253 5.2848 5.4873 6.8265 7.1073 8.7005 9.3208
2.0 0.999 1.2508 2.0027 3.2555 4.2508 5.0030 5.0093 6.2565 7.2638 8.0108 9.2508
waves in the y direction, while the mode shape for the plate with b=0:4 has three half waves in the
x direction and two half waves in the y direction. Obviously, mode shape switching has occurred
when the internal line support location b moves across the kink point. The same behaviour occurs
for plates with aspect ratio a=1:0 where the mode shape switching for the second and third modes
is at b ≈ 0:45 (see Fig. 3(b)).
In the case of FSFS plates, it is seen from Fig. 4 that there is no mode shape switching for
the 3rst three modes when the aspect ratio a is equal to 1.0 and 2.0, and for the 3rst two modes
when a=0:5. The optimal location of the internal line support for the 3rst mode is at the centre of
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Table 6
Vibration frequency parameters  = (!L2=2)
√
h=D for CSFS plates with an internal line support
a b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10
0.5 0.001 2.3138 5.1440 10.010 10.123 13.414 16.903 18.558 19.717 25.554 26.139
0.5 0.1 2.5540 5.3712 10.222 11.694 15.034 17.103 20.247 26.000 27.300 30.622
0.5 0.2 2.8807 5.6928 10.532 13.917 17.341 17.402 22.680 26.290 29.852 37.120
0.5 0.3 3.3352 6.1572 10.992 17.122 17.853 20.664 26.184 26.731 33.542 37.620
0.5 0.4 3.9938 6.8528 11.700 18.557 21.764 25.440 27.426 31.180 38.301 38.786
0.5 0.5 4.9964 7.9452 12.843 19.717 26.101 28.583 29.247 34.134 36.877 39.447
0.5 0.6 6.6008 9.7448 14.792 21.752 21.853 24.061 27.984 30.658 33.864 41.532
0.5 0.7 9.0128 12.485 17.841 18.416 20.487 24.340 25.027 30.257 34.088 38.350
0.5 0.8 10.005 13.088 17.923 22.236 24.618 25.344 30.574 33.302 37.849 39.190
0.5 0.9 8.5668 11.312 15.980 22.666 25.406 28.414 31.406 33.345 40.168 42.200
0.5 0.999 7.0380 9.5992 14.222 20.959 21.156 23.814 28.384 29.780 34.961 40.652
1.0 0.001 1.2860 3.3536 4.2257 6.3884 7.3448 9.1812 10.462 11.341 13.335 15.489
1.0 0.1 1.3428 3.7584 4.2757 6.8250 8.4745 9.2269 11.631 11.792 15.584 16.183
1.0 0.2 1.4232 4.3352 4.3505 7.4629 9.2972 10.119 12.469 13.350 16.250 18.514
1.0 0.3 1.5393 4.4632 5.1660 8.3854 9.4049 12.386 13.458 15.703 16.353 20.457
1.0 0.4 1.7132 4.6393 6.3601 9.5753 9.6966 12.215 14.674 14.873 16.516 17.463
1.0 0.5 1.9863 4.9292 7.3117 9.8618 9.9009 10.166 12.823 14.794 16.794 17.840
1.0 0.6 2.4362 5.4379 6.0152 8.4660 10.383 12.526 13.006 15.973 17.239 17.310
1.0 0.7 3.1213 5.1218 6.2567 7.5642 11.269 12.156 12.189 14.840 18.235 18.890
1.0 0.8 3.2719 6.1544 6.3359 9.4623 10.387 11.007 12.893 14.558 17.376 17.905
1.0 0.9 2.8281 5.6665 7.1036 10.042 10.550 13.311 14.901 16.447 17.477 20.190
1.0 0.999 2.3998 5.2398 5.9534 8.7403 10.163 11.495 13.570 14.296 17.123 19.029
2.0 0.001 1.0564 1.5971 2.6155 4.0353 4.1175 4.5713 5.6140 6.1155 7.1475 8.6140
2.0 0.1 1.0689 1.7063 2.9078 4.0458 4.6853 4.6900 5.9265 7.0700 7.7518 9.0245
2.0 0.2 1.0876 1.8657 3.3375 4.0625 4.8590 5.5273 6.3968 8.4040 8.6448 9.0395
2.0 0.3 1.1158 2.0964 3.9258 4.0883 5.1143 5.7910 7.0358 7.2090 8.4003 9.0625
2.0 0.4 1.1598 2.4242 3.6685 4.1290 5.1478 5.4843 6.3235 8.2318 8.5905 9.0998
2.0 0.5 1.2323 2.5415 3.2058 4.1985 5.3610 6.0863 6.2118 7.1993 8.9910 9.1643
2.0 0.6 1.3595 2.1165 3.9933 4.3275 4.9260 4.9655 7.1260 7.7498 8.5043 9.2873
2.0 0.7 1.5642 1.8911 3.7100 4.5588 4.7225 6.0380 6.5108 7.1865 9.1598 9.5325
2.0 0.8 1.5386 2.3656 3.2233 4.4763 5.3733 5.3933 5.9878 8.1648 8.2885 9.4478
2.0 0.9 1.4166 2.5105 4.1118 4.3693 5.4385 5.8480 7.1090 7.5533 8.9903 9.3493
2.0 0.999 1.3100 2.1851 3.5740 4.2808 5.1133 5.4638 6.4785 7.8523 8.3600 9.2705
the plate. However, the optimal location of the internal line support for other modes may be at the
centre of the plate or at other locations in the range 0:15¡b¡ 0:4. When the internal line support
approaches the free edge (b= 0:001), the plate behaves like with a simply supported edge.
Fig. 5 shows that the CSCS plates have a similar trend as the SSSS plates. When the internal
line support is near the clamped edge (b = 0:001), it has very little eAect on enhancing the edge
constraint.
For the asymmetric Levy SSFS plates, the optimal location of the internal line support is not at
the centre of the plate for all considered modes and plate aspect ratios (see Fig. 6). We can observe
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Table 7
Vibration frequency parameters  = (!L2=2)
√
h=D for CSSS plates with an internal line support
a b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10
0.5 0.001 7.0336 9.5924 14.214 20.951 21.145 23.799 28.365 29.771 34.939 40.644
0.5 0.1 8.1184 10.656 15.235 21.931 24.754 27.420 30.721 31.988 38.552 41.572
0.5 0.2 9.6400 12.177 16.730 23.393 29.965 32.156 32.681 37.304 42.988 43.912
0.5 0.3 11.827 14.392 18.940 25.579 34.314 37.339 40.144 44.872 45.124 51.576
0.5 0.4 15.064 17.696 22.282 28.920 37.636 42.756 45.328 48.416 49.652 55.788
0.5 0.5 19.568 22.323 27.024 32.930 33.741 34.927 38.517 42.500 43.964 51.476
0.5 0.6 20.175 22.552 26.724 32.872 33.995 36.412 40.636 41.100 46.832 51.448
0.5 0.7 16.262 18.401 22.381 28.461 36.726 43.048 45.748 47.164 50.312 56.800
0.5 0.8 13.218 15.290 19.273 25.435 33.817 36.136 38.596 42.836 44.368 48.992
0.5 0.9 11.109 13.165 17.197 23.449 29.940 31.922 32.312 36.457 42.548 42.552
0.5 0.999 9.6640 11.745 15.853 22.196 25.783 28.130 30.746 32.263 38.366 41.436
1.0 0.001 2.3981 5.2377 5.9497 8.7347 10.161 11.488 13.563 14.286 17.121 19.018
1.0 0.1 2.6639 5.4827 6.8550 9.6381 10.393 13.417 14.458 16.231 17.347 21.031
1.0 0.2 3.0443 5.8482 8.1703 10.747 10.978 15.809 16.231 17.695 19.097 22.689
1.0 0.3 3.5980 6.3948 10.036 11.281 12.894 17.758 18.218 18.946 21.677 23.769
1.0 0.4 4.4240 7.2301 11.332 12.104 13.947 14.856 17.299 18.437 19.029 21.754
1.0 0.5 5.5808 8.4352 8.7318 10.991 13.326 15.289 18.302 20.256 21.158 21.775
1.0 0.6 5.6380 8.2180 9.1029 11.708 12.862 16.368 16.564 19.098 19.618 23.130
1.0 0.7 4.6003 7.1152 11.437 11.791 14.200 15.705 18.244 18.601 18.931 22.722
1.0 0.8 3.8224 6.3588 9.6489 11.092 12.248 16.852 17.949 18.251 20.979 23.544
1.0 0.9 3.2913 5.8622 8.0781 10.637 10.638 15.211 15.239 17.523 17.841 21.953
1.0 0.999 2.9362 5.5491 7.0326 9.5915 10.359 13.096 14.213 15.698 17.262 20.261
2.0 0.001 1.3094 2.1837 3.5715 4.2803 5.1115 5.4603 6.4750 7.8478 8.3550 9.2700
2.0 0.1 1.3707 2.4095 4.0578 4.3368 5.3335 6.3058 6.9655 9.1538 9.2145 9.3255
2.0 0.2 1.4621 2.7445 4.4238 4.7743 5.6723 7.5138 7.7028 9.4115 10.459 10.637
2.0 0.3 1.5987 3.2235 4.5545 5.4193 6.1635 6.5228 8.1733 9.1405 9.5393 9.6995
2.0 0.4 1.8075 3.4868 4.3248 4.7573 6.2330 7.0895 7.5870 9.7135 9.7370 10.514
2.0 0.5 2.1088 2.7478 5.0640 5.2895 5.4438 6.6570 8.2125 9.3013 10.044 10.294
2.0 0.6 2.0545 2.9270 4.7745 4.9045 5.7825 7.5045 7.6798 9.1555 9.8350 10.593
2.0 0.7 1.7788 3.5500 4.5610 4.6503 6.4218 6.7798 7.3160 9.5185 9.6010 10.480
2.0 0.8 1.5897 3.0620 4.4873 5.2448 5.8860 7.7898 8.0798 9.3538 9.4525 10.689
2.0 0.9 1.4656 2.6593 4.3808 4.4603 5.4883 6.8548 7.2613 9.3538 9.6605 9.8423
2.0 0.999 1.3873 2.3979 3.9245 4.3155 5.2375 5.9488 6.7213 8.4693 8.7338 9.2920
that for plates with aspect ratio a = 2:0, there is no mode shape switching in the 3rst three modes
and multiple optimal locations of the internal line support exist in the second and third modes. The
internal line support is more eRcient in increasing the fundamental frequency when it is located at
b ≈ 0:7 (close to the free edge). Similar trends may be observed for the asymmetric Levy CSFS
plates as for the SSFS plates (see Fig. 7).
Fig. 8 presents the frequency parameter  versus the location parameter of the internal line support
b for CSSS plates. There are multiple optimal locations of internal line support in the second and
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4th mode, b = 0.35,  λ = 11.630 
(a) 
4th mode, b = 0.4, λ = 11.459 
(b) 
Fig. 9. Mode shapes of the 4th mode for square SSSS plate with one intermediate line support located at: (a) b = 0:35;
and (b) b= 0:4.
fourth modes for a plate with a= 2:0 and in the third mode for a plate with a= 1:0. The location
of the internal line support is the best at b ≈ 0:55 for increasing the fundamental frequency.
3.3. Three-span plates
Fig. 10 shows the layout of a three-span Levy plate. The locations of the two internal line supports
are determined by the location parameter b as shown in Fig. 10. The two internal line supports are
placed symmetrically about the plate central line (x = 0) and move from near the plate centre
(b= 0:001) to the vicinity of plate edges (b= 0:999).
Tables 8 and 9 present the 3rst 10 frequency parameters for the six Levy square plates (i.e. SSSS,
FSFS, CSCS, SSFS, CSFS and CSSS plates) with two internal line supports. The FSFS plate has the
lowest fundamental frequency parameter and the CSCS plate has the highest fundamental frequency
parameter among all the six plates. To further observe the inOuence of the internal line supports on
the vibration behaviour of the Levy plates, two graphs (Figs. 11 and 12) are generated to show the
variation of the 3rst four frequency parameters  against the location parameter of the internal line
supports b. To ensure the reliability of the results, a total of 100 line support locations are used in
our calculations.
Fig. 11 shows such a variation of the frequency parameter  versus the location parameter b for
the three symmetric Levy square plates (i.e. SSSS, FSFS and CSCS plates). Mode shape switching
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Fig. 10. A Levy plate with two internal line supports.
occurs in the second, third and fourth modes for the three plates. In general, the frequency parameter
increases 3rst and then decreases when the two internal line supports move from the plate centre to
the edges. The optimal location of the internal line supports for increasing the fundamental frequency
is at b ≈ 0:3 for both SSSS and CSCS plates and b ≈ 0:55 for the FSFS plate. We observe from
Table 8 that when the internal line supports approach the edges of the plates (b = 0:999), the free
edge behaves like a simply supported edge, the simply supported edge acts as a clamped edge and
the clamped edge remains unchanged, respectively.
For the asymmetric Levy square plates (i.e. SSFS, CSFS and CSSS plates), trends, which are
similar to those of the symmetric Levy square plates, can be observed (see Fig. 12). The location
of the internal line supports that is optimal for increasing the fundamental frequency is at b ≈ 0:55
for both SSFS and CSFS plates and b ≈ 0:35 for the CSSS plate.
There is one distinctive diAerence between the symmetric and asymmetric Levy square plates. We
observe from Table 8 and Fig. 11 that for symmetric Levy plates the frequency parameters for the
3rst and the second modes, the third and the fourth modes, etc., are very close to each other when
the two internal line supports are placed near the plate centre (b=0:001). However, this phenomenon
does not exist in the asymmetric Levy plates. To further understand such a behaviour, mode shapes
are generated for a symmetric Levy plate (SSSS plate) and for an asymmetric Levy plate (CSFS
plate) with the two internal line supports being placed near the plate centre (b = 0:001). We only
need to plot the mode shape in the x direction since the displacement function for a Levy plate can
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Table 8
Vibration frequency parameters  = (!L2=2)
√
h=D for SSSS, FSFS and CSCS square plates with two internal line
supports
Cases b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10
0.001 7.0244 7.0326 9.5836 9.5915 14.206 14.213 20.943 20.950 21.115 21.142
0.1 7.4638 8.0187 10.102 10.566 14.796 15.159 21.589 21.868 23.103 24.480
0.2 8.5387 9.4434 11.315 12.014 16.109 16.605 22.956 23.302 26.000 29.000
0.3 9.8286 11.510 12.790 14.143 17.745 18.765 19.367 21.671 24.701 25.462
0.4 9.1986 12.008 14.456 16.788 16.981 17.222 19.304 21.948 23.530 23.584
SSSS plate 0.5 7.0243 9.5835 14.206 17.000 20.000 20.943 21.114 23.768 25.000 25.750
0.6 5.4603 7.9581 12.602 14.456 17.222 19.390 21.948 26.000 28.258 28.697
0.7 4.4387 6.9385 11.510 11.630 14.143 18.462 18.765 22.145 24.937 25.462
0.8 3.7524 6.2800 9.4434 11.016 12.014 16.605 17.879 17.995 20.670 23.302
0.9 3.2751 5.8424 8.0187 10.566 10.617 15.076 15.159 17.501 17.690 21.868
0.999 2.9362 5.5491 7.0326 9.5915 10.359 13.096 14.213 15.698 17.262 20.261
0.001 2.3117 2.3136 5.1420 5.1437 10.008 10.010 10.109 10.121 13.401 13.413
0.1 2.3752 2.5289 5.2379 5.3505 10.124 10.206 10.825 11.557 14.254 14.905
0.2 2.5485 2.8253 5.4811 5.6523 10.399 10.504 12.444 13.657 16.080 17.113
0.3 2.8301 3.2408 5.8661 6.0954 10.825 10.954 13.469 16.686 16.947 17.753
0.4 3.2211 3.8428 6.4160 6.7627 10.573 11.450 11.650 13.172 17.669 18.407
FSFS plate 0.5 3.6283 4.7464 7.0397 7.8022 8.3329 10.682 12.222 12.767 15.045 19.278
0.6 3.6581 6.1009 7.0211 8.2695 9.4353 10.871 12.111 14.611 15.526 15.770
0.7 3.2179 6.3846 7.5149 10.636 11.177 11.370 13.884 14.618 16.655 17.176
0.8 2.7200 5.8027 7.1908 10.558 10.787 13.527 15.728 17.177 17.755 19.630
0.9 2.3121 5.3518 6.0360 9.1998 10.352 12.131 14.275 15.389 17.342 20.524
0.999 2.0027 5.0031 5.0091 8.0108 10.003 10.019 13.012 13.022 17.003 17.033
0.001 9.6522 9.6642 11.733 11.745 15.842 15.853 22.187 22.196 25.750 25.783
0.1 10.352 11.109 12.519 13.165 16.693 17.197 23.072 23.449 28.329 29.940
0.2 11.955 13.218 14.279 15.290 18.546 19.273 24.936 25.435 30.746 33.448
0.3 13.020 15.658 16.262 18.401 20.243 21.718 22.381 23.669 26.865 27.340
0.4 10.140 12.665 17.194 20.175 22.552 22.872 23.828 24.859 26.724 28.546
CSCS plate 0.5 7.3836 9.8066 14.325 19.568 21.006 22.323 27.024 29.316 29.799 31.637
0.6 5.6696 8.0885 12.673 15.063 17.696 19.427 22.282 28.280 28.859 28.920
0.7 4.5727 7.0263 11.681 11.827 14.392 18.492 18.940 22.769 25.468 25.579
0.8 3.8336 6.3372 9.6400 11.054 12.177 16.730 17.904 18.334 20.966 23.393
0.9 3.3131 5.8715 8.1183 10.639 10.656 15.235 15.256 17.518 17.857 21.931
0.999 2.9366 5.5494 7.0336 9.5925 10.359 13.099 14.214 15.700 17.262 20.263
be separated as a trigonometric function in the y direction multiplied by an unknown function in
the x direction that is determined from the eigenvector of Eqs. (21) and (20).
Fig. 13 presents the normalised mode shapes for the 3rst and second modes along the x direction
for SSSS square plates with two internal line supports (b = 0:001). There is only one half wave
(m=1 in Eq. (14)) in the y direction for the two modes. The mode shapes between the two internal
line supports are magni3ed to view the details. It is seen that the magnitude of the deOection and
slope between the two line supports are very small. Thus, the two internal line supports behave like
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Table 9
Vibration frequency parameters  = (!L2=2)
√
h=D for SSFS, SSCS and CSFS square plates with two internal line
supports
Cases b Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10
0.001 2.3126 5.1429 7.0285 9.5875 10.009 10.115 13.407 14.210 16.902 18.550
0.1 2.4511 5.2931 7.7190 10.164 10.322 11.211 14.588 14.971 17.059 19.850
0.2 2.6851 5.5648 8.9413 10.451 11.640 13.093 16.346 16.613 17.349 22.067
0.3 3.0326 5.9778 10.472 10.888 13.343 15.044 17.791 18.183 18.360 20.833
0.4 3.5226 6.5818 9.8183 11.547 12.534 15.630 17.192 18.231 18.467 21.994
SSFS plate 0.5 4.1137 7.3558 7.7445 10.188 12.448 14.667 17.999 19.446 20.951 21.280
0.6 4.2780 7.3859 7.4436 10.236 12.323 15.089 15.122 17.800 19.233 21.954
0.7 3.7483 6.6375 8.7311 11.494 12.062 13.450 16.116 17.321 18.390 20.752
0.8 3.1824 6.0232 8.2247 10.896 11.230 15.339 16.142 17.815 18.601 22.634
0.9 2.7357 5.5735 6.9771 9.8444 10.476 13.554 14.696 16.494 17.418 21.387
0.999 2.3988 5.2387 5.9511 8.7371 10.162 11.491 13.566 14.290 17.122 19.022
0.001 2.3126 5.1429 9.6581 10.009 10.115 11.739 13.407 15.848 16.902 18.550
0.1 2.4527 5.2938 10.164 10.525 11.397 12.787 14.635 16.924 17.059 19.868
0.2 2.6892 5.5661 10.451 12.160 13.478 14.656 16.725 17.349 18.867 22.107
0.3 3.0393 5.9798 10.889 13.234 16.148 16.484 17.791 19.452 20.817 21.793
0.4 3.5335 6.5852 10.361 11.547 12.919 17.429 18.467 20.369 23.030 23.156
CSFS plate 0.5 4.1380 7.3683 7.9153 10.295 12.454 14.724 19.449 19.738 21.310 22.606
0.6 4.3335 7.4295 7.5101 10.266 12.351 15.101 15.431 18.043 19.249 21.958
0.7 3.7991 6.6745 8.8037 11.517 12.118 13.574 16.205 17.365 18.405 20.808
0.8 3.2141 6.0474 8.3068 10.913 11.301 15.460 16.198 17.827 18.709 22.765
0.9 2.7499 5.5852 7.0198 9.8834 10.486 13.635 14.730 16.569 17.426 21.455
0.999 2.3990 5.2388 5.9516 8.7375 10.162 11.492 13.566 14.291 17.122 19.024
0.001 7.0285 9.5875 9.6582 11.739 14.210 15.848 20.946 21.128 22.191 23.782
0.1 7.7108 10.307 10.758 12.867 14.956 16.965 21.712 23.276 23.708 26.457
0.2 8.9238 11.615 12.645 14.829 16.325 18.939 23.110 25.204 27.148 30.056
0.3 10.423 13.276 14.687 17.068 18.122 20.725 21.345 22.811 24.992 26.656
0.4 9.6136 12.305 15.572 16.977 18.136 21.679 22.641 23.701 23.832 27.729
CSSS plate 0.5 7.1996 9.6929 14.265 17.885 20.789 20.974 23.517 25.679 26.019 29.781
0.6 5.5635 8.0226 12.637 14.752 17.453 19.409 22.111 27.095 28.269 28.807
0.7 4.5050 6.9820 11.656 11.667 14.267 18.477 18.852 22.452 25.199 25.520
0.8 3.7926 6.3083 9.5411 11.035 12.095 16.667 17.891 18.164 20.818 23.347
0.9 3.2940 5.8569 8.0683 10.611 10.628 15.166 15.197 17.510 17.773 21.899
0.999 2.9364 5.5492 7.0331 9.5920 10.359 13.097 14.214 15.699 17.262 20.262
a 3xed support that prevents energy transferring from one side of the plate to the other side when
the plate vibrates. However, due to the symmetric feature of SSSS plate, the plate vibrates in the
3rst mode symmetric about the plate y-axis and in the second mode antisymmetric about the y-axis,
respectively. The energy level required for the plate to vibrate in these two modes is almost the
same. It leads to the frequency parameters for the two modes being very close to each other as one
can observe in Table 8.
The normalised mode shapes in the x direction for the 3rst and the third modes of an asymmetric
Levy square plate (CSFS plate) are presented in Fig. 14. There is only one half wave (m = 1 in
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Fig. 11. Variation of frequency parameter  = (!L2=2)(h=D)1=2 versus location parameter of the internal line support b
for three span square plates: (a) SSSS plate; (b) FSFS plate; and (c) CSCS plate.
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Fig. 12. Variation of frequency parameter  = (!L2=2)(h=D)1=2 versus location parameter of the internal line support b
for three span square plates: (a) SSFS plate; (b) CSFS plate; and (c) CSSS plate.
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Fig. 13. The normalised mode shapes for SSSS square plate with two internal line supports (b = 0:001): (a) 3rst mode;
and (b) second mode.
Eq. (14)) in the y direction for the two modes. The mode shape for the second mode, which is not
presented in the paper, is almost identical to that of the 3rst mode except there are two half waves
(m= 2) in the y direction. The two internal line supports near the plate centre (b= 0:001) still act
like a 3xed support. The two line supports prevent energy transferring from one side of the plate
to the other side very eAectively. As a result, the plate mainly vibrates either in the right half or in
the left half as shown in Fig. 13. The other half shown in the enlarged graphs has very insigni3cant
movement.
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Fig. 14. The normalised mode shapes for CSFS square plate with two internal line supports (b = 0:001): (a) 3rst mode;
and (b) third mode.
4. Conclusions
This paper presents an analytical method for the vibration analysis of multi-span rectangular plates.
A rectangular plate is divided into several spans at the locations of the internal line supports. The
Levy solution method is employed to obtain the solution for such a problem and the continuity con-
ditions at the interface between two spans are satis3ed through the implementation of the essential
and natural boundary conditions along the interface. The exact solutions, including the 3rst-known
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results for plates involving free edges, are reported for the vibration of multi-span rectangular
plates.
Tabulated in this paper are the 3rst 10 exact frequency parameters for two- and three-span Levy
plates. These results may serve as benchmark solutions for plates with internal line supports and are
also useful to engineers who are designing multi-span plates.
The results are also presented in graphical forms to study the inOuence of internal line supports on
the vibration behaviour of multi-span plates. It is found that the frequency parameter is sensitive to
the locations of the internal line supports and thus engineers should pay attention to the appropriate
positioning of such internal line supports in plates. For two-span symmetric Levy plates, the best
location of the internal line support is at the plate centre for increasing the fundamental frequency. For
two-span asymmetric Levy plates, the optimal location of the internal line support is shifted slightly
from the plate centre to the side with weaker edge constraint. We observe that for three-span Levy
square plates, in general, the frequency parameter increases 3rst and then decreases when the two
internal line supports move from the plate centre to the edges. Except for the fundamental mode,
mode shape switching is common in the plates when the internal line supports move from the left
edge to the right edge (for two-span plates) or from the plate centre to the edges (for three-span
plates).
It is worth noting that when an internal line support comes close to a free edge or a simply
supported edge, the edge behaves like a simply supported edge or a clamped edge, respectively.
When two internal line supports are placed very close to each other, they act like a 3xed support
and prevent energy transferring from one side of the plate to the other side as the plate vibrates.
The analytical approach presented in this paper is applicable in the case of orthotropic and lami-
nated plates. Further work in this area is being carried out.
Acknowledgements
This work was supported by the University of Western Sydney and by the National University of
Singapore.
References
[1] Veletsos AS, Newmark NM. Determination of natural frequencies of continuous plates hinged along two opposite
edges. Journal of Applied Mechanics, ASME 1956;23:97–102.
[2] Ungar EE. Free oscillations of edge-connected simply supported plate systems. Journal of Engineering for Industry
1961;83:434–40.
[3] Bolotin VV. A generalization of the asymptotic method of the eigenvalue problems for rectangular regions.
Inzhenernyi Zhurnal 1961;3:86–92 (in Russian).
[4] Moskalenko VN, Chen DL. On the natural vibrations of multispan plates. Prikladnaya Mekhanika 1965;1:59–66 (in
Russian).
[5] Cheung YK, Cheung MS. Flexural vibrations of rectangular and other polygonal plates. Journal of the Engineering
Mechanics, ASCE 1971;97:391–411.
[6] ElishakoA I, Sternberg A. Eigenfrequencies of continuous plates with arbitrary number of equal spans. Journal of
Applied Mechanics, ASME 1979;46:656–62.
[7] Azimi S, Hamilton JF, Soedel W. The receptance method applied to the free vibration of continuous rectangular
plates. Journal of Sound and Vibration 1984;93:9–29.
1218 Y. Xiang et al. / International Journal of Mechanical Sciences 44 (2002) 1195–1218
[8] Mizusawa T, Kajita T. Vibration of continuous skew plates. Journal of Earthquake Engineering and Structural
Dynamics 1984;12:847–50.
[9] Kim CS, Dickinson SM. The Oexural vibration of line supported rectangular plate systems. Journal of Sound and
Vibration 1987;114:129–42.
[10] Liew KM, Lam KY. Vibration analysis of multi-span plates having orthogonal straight edges. Journal of Sound and
Vibration 1991;147:255–64.
[11] Liew KM, Xiang Y, Kitipornchai S. Transverse vibration of thick rectangular plates—II. Inclusion of oblique internal
line supports. Computers and Structures 1993;49:31–58.
[12] Zhou D. Eigenfrequencies of line supported rectangular plates. International Journal of Solids and Structures
1994;31:347–58.
[13] Kong J, Cheung YK. Vibration of shear-deformable plates with intermediate line supports: a 3nite layer approach.
Journal of Sound and Vibration 1995;184:639–49.
[14] Wei GW, Zhao YB, Xiang Y. Discrete singular convolution and its application to the analysis of plates with internal
supports. I. Theory and partial line supports. International Journal for Numerical Methods in Engineering, in press.
[15] Xiang Y, Zhao YB, Wei GW. Discrete singular convolution and its application to the analysis of plates with internal
supports. II. Complex supports. International Journal for Numerical Methods in Engineering, in press.
[16] Chen WC, Liu WH. DeOections and free vibrations of laminated plates-Levy-type solutions. International Journal of
Mechanical Sciences 1990;32:779–93.
[17] Xiang Y, Liew KM, Kitipornchai S. Exact buckling solutions for composite laminates: proper free edge conditions
under in-plane loadings. Acta Mechanica 1996;117:115–28.
[18] Liew KM, Xiang Y, Kitipornchai S. Analytical buckling solutions for Mindlin plates involving free edges.
International Journal of Mechanical Sciences 1996;38:1127–38.
[19] Khdeir AA, Librescu L. Analysis of symmetric cross-ply elastic plates using a higher-order theory, Part II: buckling
and free vibration. Composite Structures 1988;9:259–77.
[20] Lee SY, Lin SM. Levy-type solution for the analysis of nonuniform plates. Computers and Structures 1993;49:931–9.
[21] Laura PAA, Cortinez VH. Free vibrations of a plate with an inner support. Journal of Sound and Vibration
1986;106:409–13.
[22] Laura PAA, Gutierrez RH, Cortinez VH, Utjes JC. Transvers vibrations of circular plates and membranes with
intermediate supports. Journal of Sound and Vibration 1987;113:81–6.
[23] Xiang Y, Wang CM, Kitipornchai S. Optimal design of internal ring support for rectangular plates against vibration
or buckling. Journal of Sound and Vibration 1996;193:545–54.
[24] Xiang Y, Wang CM, Kitipornchai S. Optimal location of point supports in plates for maximum fundamental
frequency. Structural Optimization 1996;11:170–7.
[25] Won KM, Park YS. Optimal support positions for a structure to maximize its fundamental natural frequency. Journal
of Sound and Vibration 1998;213:801–12.
[26] Laura PAA. Comments on Optimal support positions for a structure to maximize its fundamental frequency. Journal
of Sound and Vibration 1999;222:853–6.
[27] Won KM, Park YS. Authors’ reply. Journal of Sound and Vibration 1999;222:857.
[28] Timoshenko SP, Woinowsky-Krieger S. Theory of plates and shells. Singapore: McGraw-Hill, 1970.
